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The Heisenberg limit is the superior precision available by entanglement sensors. However, entanglement
is fragile against dephasing, and there is no known quantum metrology protocol that can achieve Heisenberg
limited sensitivity with the presence of independent dephasing. Here, we show that the Heisenberg limit is at-
tainable under the effect of independent dephasing under conditions where the probe qubits decohere due to both
target fields and local environments. To detect the target fields, we exploit the entanglement properties to decay
much faster than the classical states due to collective noise while most of the previous schemes use a coherent
phase shift from the target fields. Actually, if the temporally fluctuating target fields behave as Markovian col-
lective dephasing, we can estimate the collective dephasing rate with a sensitivity at the Heisenberg limit under
the effect of independent dephasing. Our work opens the possibility for robust Heisenberg-limited metrology.
Quantummetrology is a the field where one attempts to im-
prove the performance of the sensors measuring target fields
by using quantum properties [1–6]. Qubits typically play the
role as a probe to measure target fields when those qubits in-
teract with the fields we want to sense. When one prepares
the qubits in a superposition state, there are interference terms
(non-diagonal elements) in the density matrix where the in-
formation of the target fields can be encoded. Moreover, en-
tanglement is considered a resource to enhance this sensitivity
[7–12]. If we use a separable state composed of L qubits to
estimate our target fields with a parameter θ, the uncertainty
in this estimation scales as δθ = O(L−1/2) This is known
as the standard quantum limit (SQL). On the other hand, it
is in principle possible without noise to obtain a scaling of
δθ = O(L−1) by using an L-qubit entangled state. [13]. Such
a scaling is called the Heisenberg limit (HL) [9–11].
One of the major obstacles of quantum metrology is the
fragility of the entangled probe state against decoherence and
especially dephasing [13–15]. While these entangled probe
states can be strongly coupled with the target fields, those en-
tangled states are highly sensitive to environmental noise. It
is crucial in the field of quantum metrology to construct a ro-
bust entanglement sensor under the effect of realistic decoher-
ence [16–18]. Actually, there are many proposals to improve
the sensitivity of the quantum sensors with realistic noise by
using the quantum Zeno effect [19–23], quantum error cor-
rection [24–29], strong interaction between qubits [30], qubit
motion [31–33], and even adaptive control [34, 35].
Dephasing (or parallel noise) is considered a major chal-
lenge that needs to be overcome for the robust quantum
metrology [13, 36–38]. Metrologically useful entanglement is
typically designed to have a large non-diagonal terms where
such target field information is encoded. Environmental de-
phasing parallel to the target fields induces a rapid decay of
the non-diagonal terms where our target field information is
encoded. Such a decay significantly degrades the performance
of the quantum sensors. To recover the performance of the en-
tanglement sensor, there is in principle a scheme to utilize the
spatial correlation within the environment that induces the de-
phasing [39]. In such a case, one can achieve the HL scaling
only if the form of the environmental spatial correlation satis-
fies very specific conditions [39]. Currently however there is
no known metrological protocol that achieves the HL scaling
under the effect of independent dephasing where each local
environment independently couples with the probe qubits. It
is generally thought that, under the independent Markovian
dephasing, an entanglement based sensor is metrologically
equivalent to the classical sensors as the entanglement sensors
cannot beat the SQL [13–15]. If the environment has a finite
correlation time, the dephasing becomes non-Markovian, and
one achieves a sensitivity of δθ = O(L−3/4), which beats the
SQL but does not reach the HL [19–23].
In this letter, we present a sensing scheme that achieves
the HL under the effect of independent dephasing. Consider
that our L probe qubits are affected by independent dephas-
ing due to local environments, and that we want to use these
probe qubits to measure a property of the target fields. Per-
vious schemes typically wanted to measure the amplitude
of the time-independent target field using the probe qubits
[13, 14, 20–23]. On the other hand, we can consider the situ-
ation where the target fields are temporally fluctuating and in-
ducing collective Markovian dephasing on those probe qubits.
In this situation our purpose is to estimate the dephasing rate
of this collective noise. We show that it is possible to estimate
the collective dephasing rate with HL sensitivity even under
the effect of the independent dephasing.
Let us describe our scheme. Suppose that the target fields to
interact with the L probe qubits are fluctuating which induces
decoherence. In this case, we can adopt a spin-boson model
to describe the interaction between the probe qubits and tar-
get fields [40, 41] where each qubit is affected by its local
environment. We define operators where Mˆz =
∑L
j=1 σˆ
(j)
z
denotes the collective operator of the qubits, σˆ
(j)
z = |1〉j〈1| −
|0〉j〈0| denotes the Pauli operator, bˆk (bˆ†k) denotes the anni-
hilation (creation) operator of the modes of the target fields,
cˆj,k′ (cˆ
†
j,k′) denotes the annihilation (creation) operator of the
local environmental modes coupled with a qubit at j-th site.
We assume [bˆk, bˆ
†
k′ ] = δk,k′ , [cˆj,k′ , cˆ
†
j,k′ ] = δj,j′δk,k′ . The
2Hamiltonian is as following
H = HS +H
(ST)
I +H
(SE)
I +HT +HE
HS =
~ω
2
Mˆz
H
(ST)
I =
∑
k
~gkMˆz(bˆ
†
k + bˆk)
H
(SE)
I =
L∑
j=1
∑
k′
~g˜j,k′ σˆ
(j)
z (cˆ
†
j,k′ + cˆj,k′)
HT =
∑
k
~ωkbˆ
†
k bˆk
HE =
∑
j,k′
~ω′j,k′ cˆ
†
j,k′ cˆj,k′
(1)
where ω denotes the qubit frequency, gk denotes the interac-
tion strength between the qubits and the modes of the target,
g˜j,k′ denotes the interaction strength between the qubit and
the modes of the environment at j-th site, ωk denotes the fre-
quency of the modes of the target fields, and ω′j,k′ denotes
the frequency of the modes of the environment at j-th site.
It is worth mentioning that, if a non-linear interaction among
qubits such as HI = ~gMˆ
2
z is available, a super Heisenberg-
limit is attainable to estimate the value of g [42–46]. However,
here, we consider a linear interaction H
(ST)
I where the HL is
considered to be the ultimate precision [9–11]. In the interac-
tion picture, the Hamiltonian is
HI(t) = (
L∑
j=1
σˆ(j)z )
∑
k
~gk(bˆ
†
ke
iωkt + bˆke
−iωkt)
+
L∑
j=1
∑
k′
~g˜j,k′ σˆ
(j)
z (cˆ
†
j,k′e
iω′
j,k′
t + cˆj,k′e
−iω′
j,k′
t) (2)
To characterize the property of the target fields (environment),
we define a power spectral density for the modes as J(ω˜) =∑
k ~
2|gk|2δ(ω˜ − ωk) (J ′j(ω˜) =
∑
k′ ~
2|g˜j,k′ |2δ(ω˜ − ωj,k′)).
Although our main interest is to measure the collective de-
phasing rate with Markovian properties (that corresponds to
a frequency-independent power spectral density), we adopt a
more general setup of a Lorentzian spectral density for the
modes of the target fields (environment) such as J(ω˜) =
1
pi
a/τc
(1/τc)2+ω˜2
(J ′j(ω˜) =
1
pi
a′/τ ′c
(1/τ ′c)
2+ω˜2 ) where a(a
′) denotes
the amplitude and τc (τ
′
c) denotes the correlation time of the
modes of the target fields (environment). It is worth mention-
ing that, by taking a limit of a small correlation time on the
power spectral density, we can consider the Markovian be-
havior as a special case in this model. We assume that the
probe qubits, the target fields, and the local environments are
separable at t = 0. The initial state of the modes of tar-
get fields (environment) is a thermal equilibrium state such
as ρT =
1
Z e
− HTkBT (ρE = 1Z′ e
− HEkBT ) where T denotes the
temperature, kB denotes the Boltzmann factor respectively.
Z = Tr[e
− HTkBT ] (Z ′ = Tr[e−
HE
kBT ]) denotes the renormal-
ization factor. As an initial probe state, we choose the GHZ
states |ψGHZ〉 = 1√2 (|00 · · · 0〉 + |11 · · · 1〉). By tracing out
the modes of the target fields and the environments with Born
approximation, the decoherence dynamics of the probe qubits
by the master equation in the Schrodinger picture is described
by
dρ
dt
= −iω[Mˆz, ρ]
−
∑
k
|gk|2 sinωkt
ωk
coth(
ωk
2kBT
)[Mˆz, [Mˆz, ρ]]
−
L∑
j=1
∑
k′
|gj,k′ |2 sinωk
′t
ωk′
coth(
ωk′
2kBT
)[σˆ(j)z , [σˆ
(j′)
z , ρ]]
(3)
For the zero temperature of T = 0, we can solve the master
equation to obtain
ρ(t) =
1
2
(|00 · · ·0〉〈00 · · · 0|+ |11 · · · 1〉〈11 · · ·1|)
+
e−iωt−L
2Γtt−Lγtt
2
(|11 · · ·1〉〈00 · · · 0|+ |00 · · · 0〉〈11 · · ·1|)
where Γt =
2aτ2c
t (−1 + e−
t
τc + tτc ) denotes the time-
dependent collective dephasing rate and γt =
2a′(τ ′c)
2
t (−1 +
e
− t
τ′c + tτ ′c
) denotes a time-dependent dephasing rate of the lo-
cal environments [21, 40, 41]. If the correlation time is much
shorter than the typical time of the dynamics which we call
Markovian approximation, the dephasing rate becomes time-
independent. We define the Markovian dephasing rate of the
target fields (environment) as ΓMC ≡ 2aτc (γME ≡ 2a′τ ′c).
On the other hand, in the limit of a long target-fields (envi-
ronmental) correlation time, Γt (γt) increases linearly against
time. In this regime, we obtain Γt ≃ at = ΓMC2τc t (γt ≃ a′t =
γME
2τ ′c
t). We define ΓNMC ≡
√
ΓMC
2τc
(γNME ≡
√
γME
2τ ′c
) as a
non-Markovian dephasing rate of the target fields.
We explain our protocol for the sensing by using L probe
qubits for a given total time T . Assume that we can prepare
and readout the probe qubits with a time scale much faster
than the coherence time of the probe qubits. First, we prepare
the GHZ state of the L probe qubits. Second, we let the probe
qubits evolves for a time t according to the master equation
in the Eq. (3). Third, we then perform a measurement with a
projective operator of Pˆ = |ψread〉〈ψread|. Finally, we repeat
these process N ≃ T/t times. The uncertainty to estimate a
parameter θ of the target is described as δθ =
√
P (1−P )
| dPdθ |
1√
N
[13] where P = Tr[ρ(t)Pˆ ] denotes a probability distribution
and ρ(t) denotes a density matrix of the probe qubits at a time
t. Since our model is general, our results include previously
studied schemes [13, 20, 21, 23] as special cases.
Let us review the previous quantum metrology to measure
the amplitude of time-independent target fields [13, 20, 21,
3Markovian independent dephasing environment Non-Markovian independent dephasing environment
Markovian collective dephasing fields δΓMC = O(L
−1) δΓMC = O(L
−1)
Non-Markovian collective dephasing fields δΓNMC = O(L
−1/2) δΓNMC = O(L
−1/2)
TABLE I: Performance of our sensing scheme where L probe qubits interacts with both target fields and local environments. The target fields
are temporally fluctuating which induces collective dephasing on the probe qubits. Surprisingly, under the effect of independent dephasing due
to the local environments, we can achieve a Heisenberg limit scaling when the target fields have a Markovian (or time local) nature. On the
other hand, if the target fields have a memory effect, the property becomes non-Markovian (or time non-local), and we cannot even beat the
standard quantum limit under the effect of independent dephasing.
23]. We assume the amplitude of the target fields has a lin-
ear relationship with the frequency ω and this amplitude is
weak. The aim in these research is to estimate the value of
ω. Also, in these calculations [13, 20, 21, 23], the collective
dephasing is not considered, and so we set a = 0. The un-
certainty of the estimation is given as δω = Exp[Lγtt]
L
√
Tt
where
we choose |ψread〉 = 1√2 (|0 · · · 0〉 + i|1 · · ·1〉). For the in-
dependent Markovian environment with a short τ ′c, we obtain
δω = Exp[LγMEt]
L
√
Tt
, and this scales as δω = O(L−1/2) by tak-
ing an optimized interaction time as t = O(L−1) [13]. On the
other hand, for the independent non-Markovian environment
with a long τ ′c, we obtain δω =
Exp[La′t2]
L
√
Tt
, which scales as
δω = O(L−3/4) by taking for an optimized interaction time
as t = O(L−1/2) [19–21, 23]. To estimate the amplitude of
the time-independent target fields, the non-Markovian prop-
erties of dephasing contribute to improve the sensitivity of
the entanglement sensor. However, in either case, we cannot
achieve the HL under the effect of the independent dephasing.
We can show that, for the estimation of the Markovian col-
lective dephasing rate due to the temporally fluctuating target
fields, we can achieve the HL under the effect of indepen-
dent Markovian dephasing. More specifically, we can calcu-
late the uncertainty of the estimation of with a white noise
power spectral density J(ω˜) = aτcpi where we take a limit
of a small correlation time for the Lorentzian power spec-
tral density. Since we assume that the qubit frequency ω is
known for this estimation, we can ignore this effect. Now,
let us discuss the case of using a separable state of the L
probe qubits for the estimation of ΓMC. For a single qubit
sensor with an initial state of |+〉 = 1√
2
(|0〉+ |1〉), we obtain
δΓMC =
√
1−Exp[−2γtt−2ΓMCt]√
TtExp[−γtt−ΓMCt] = O(L
0). By using L qubits
in parallel as a separable state, the sensitivity can be enhanced
by a factor of
√
L due to a central limit theorem, and so the un-
certainty of the separable sensor is δΓMC = O(L
−1/2), which
is bounded by the SQL. Next, we can calculate the uncertainty
with the GHZ states composed of L probe qubits as
δΓMC =
√
1− Exp[−2Lγtt− 2L2ΓMCt]
L2
√
T tExp[−Lγtt− L2ΓMCt]
. (4)
for |ψread〉 = 1√2 (|0 · · · 0〉 + |1 · · · 1〉). By choos-
ing t = t0/L
s where t0 denotes a constant time
and s denotes a constant value, we obtain δΓMC =
√
1−Exp[−2L1−sγtt0−2L2−sΓMCt0]
L2−s/2
√
Tt0Exp[−L1−sγtt0−L2−sΓMCt0] . The uncertainty be-
comes δΓMC =
√
1−Exp[−2γtt0/L−2ΓMCt0]
L
√
Tt0Exp[−γtt0/L−ΓMCt0] for s = 2. For
a large L the effect of the independent dephasing becomes
negligible regardless of the correlation time of the envi-
ronment, and the uncertainty is approximated as δΓMC ≃√
1−Exp[−2ΓMCt0]
L
√
Tt0Exp[−ΓMCt0] = O(L
−1). Therefore, we achieve the HL
under the effect of independent dephasing.
We explain intuitive reasons why we can achieve the HL
to estimate the collective Markovian dephasing rate by using
the entanglement. It is worth mentioning that, if the initial
state of the probe qubit is the GHZ state, the collectiveMarko-
vian dephasing occurs in a time scale of t = O(L−2), while
independent Markovian (non-Markovian) dephasing occurs
in a time scale of t = O(L−1) (t = O(L−1/2)). This
means that we can observe the change in the dynamics of the
probe qubits due to the collective decay within a time scale
of t = O(L−2) while the effect of the independent dephasing
is negligible within this time scale for a large L. Moreover,
since it takes a time of t = O(L−2) for a single measure-
ment, we can repeat the measurements N ≃ T/t = O(L2)
times for a given time T . Therefore, we can decrease the un-
certainty of the estimation of the collective dephasing rate by
δΓMC = O(N
−1/2) = O(L−1), which achieves the HL.
Now for comparison, we calculate the uncertainty to esti-
mate non-Markovian collective dephasing rate ΓNMC under
the effect of independent dephasing. Here, we take the limit
of a long correlation time τc for the target fields. The noise
power spectral density is described as J(ω˜) = aδ(ω˜). Similar
to the Markovian case, the uncertainty to estimate ΓNMC is
bounded by the SQL if we use L probe qubits as a separable
state. On the other hand, with an entanglement, we obtain
δΓNMC =
√
1− Exp[−2Lγtt− 2L2Γ2NMCt2]
2L2ΓNMCt
√
T tExp[−Lγtt− L2Γ2NMCt2]
(5)
By choosing t = t0/L
s, we obtain δΓNMC =√
1−Exp[−2L1−sγtt0−2L2−2sΓ2NMCt20]
2L2−3s/2ΓNMCt0
√
Tt0Exp[−L1−sγtt0−L2−2sΓ2NMCt20]
. This un-
certainty is minimized when s = 1 such that δΓNMC =√
1−Exp[−2γtt0−2Γ2NMCt20]
2L1/2ΓNMCt0
√
Tt0Exp[−γtt0−Γ2NMCt20]
= O(L−1/2), which is
the SQL. Therefore, to estimate the non-Markovian collec-
tive dephasing rate, the entanglement sensor does not offers a
scaling advantage over the separable sensor.
4We explain the reason why we cannot beat the SQL to es-
timate the non-Markovian collective dephasing rate. Non-
Markovian dephasing occurs in a time scale of t = O(L−1).
This means that it takes a time of t = O(L−1) for a single
measurement, we can repeat the measurements N = T/t =
O(L) times for a given time T . So the uncertainty of the
estimation of the non-Markovian collective dephasing rate is
given δΓMC = O(N
−1/2) = O(L−1/2), which is the SQL.
Our results (summarized in Table I.) are essentially differ-
ent from the previously studied cases of measuring the am-
plitude of the time-independent fields under the effect of in-
dependent dephasing [13, 20, 21, 23]. In the previous cases,
non-Markovian properties of the local environment let us beat
the SQL [20, 21, 23], while a Markovian environment made
the entanglement sensor metrologically equivalent to the sepa-
rable ones [13]. Non-Markovian properties were important to
beat the SQL. On the other hand, Markovian properties of the
target fluctuating fields actually helps to achieve the HL in our
case, while non-Markovian properties of the target fluctuating
fields destroy the advantage of the entanglement sensor.
FIG. 1: Plot of the uncertainty δΓMC (blue dots) against the num-
ber of the probe qubits where we estimate the collective dephasing
rate due to the temporally fluctuating target fields under the effect of
independent Markovian dephasing due to local environments. The
parameters are set as ΓMC = 1 (Hz), γME = 0.2 (Hz), T = 1
(s) and τc = 0.001 (s). The red (green) line shows the scaling of
the Heisenberg limit (SQL). For a small number of qubits, the time
scale of the collective dephasing is shorter than the correlation time
τc, and so the fluctuating target fields can be approximately treated
as collective Markovian dephasing. In this regime, we can estimate
ΓMC with a sensitivity of the Heisenberg limit. On the other hand,
for a large number of the qubits, the time scale of the collective de-
phasing becomes shorter than the correlation time τc, and the collec-
tive dephasing shows a non-Markovian property. In this regime, the
sensitivity is bounded by the SQL.
Let us now calculate the uncertainty of the estimation when
we have a finite correlation time τc for the target fields. While
we can analytically calculate the uncertainty of the estimation
in the limits of short or a long correlation times, will consider
the finite τc situation now, and so we numerically plot the un-
certainty of the estimation of the collective dephasing rate in
the Fig. 1. Here, we choose the interaction time t to mini-
mize the uncertainty, and assume that the local environment is
Markovian. We observe a clear transition of the scaling from
the HL to the SQL as we increase the number of the probe
qubits. This can be understood as follows. For a small number
of the qubits, the characteristic time of the collective dephas-
ing is much longer than the correlation time, and so we can use
the Markovian assumption. On the other hand, as we increase
the number of the qubits, the collective dephasing becomes
stronger, and the characteristic time of the collective dephas-
ing will be ultimately shorter than the correlation time. This
means that, in the limit of a large L, the target fields should
show the non-Markovian properties. From the Table I, such a
change of the property of the target fields clearly affects the
uncertainty of the estimation, which induces the transition of
the scaling from the HL to the SQL. It is worth mentioning
that, although we cannot achieve the HL for a large L with a
finite correlation time τc, we can still obtain a constant factor
improvement with the entanglement sensor over the classical
sensors, as shown in the Fig. 1.
In conclusion, we have shown that the Heisenberg limit is
attainable in quantum metrology under the effect of indepen-
dent dephasing. We consider the situation where the probe
qubits interacts with both the target fields and local environ-
ments. More importantly we were interested in the situation
where the target fields are temporally fluctuating which in-
duces Markovian collective dephasing, while the local envi-
ronment only induces independent dephasing. We find that,
when estimating the collective dephasing rate due to the target
fields, we can achieve the Heisenberg limited scaling with an
entanglement sensor. This in turn paves the way for a future
generation of HL sensor measuring fluctuating field. More-
over, our results are essential to understand the ultimate limit
of the entanglement sensor with realistic conditions.
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